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Abstract
A novel gravity theory based on Poisson Generalized Geometry is investigated. A gravity
theory on a Poisson manifold equipped with a Riemannian metric is constructed from a
contravariant version of the Levi-Civita connection, which is based on the Lie algebroid of
a Poisson manifold. Then, we show that in Poisson Generalized Geometry the R-fluxes are
consistently coupled with such a gravity. An R-flux appears as a torsion of the corresponding
connection in a similar way as an H-flux which appears as a torsion of the connection for-
mulated in the standard Generalized Geometry. We give an analogue of the Einstein-Hilbert
action coupled with an R-flux, and show that it is invariant under both β-diffeomorphisms
and β-gauge transformations.
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1 Introduction
Poisson Generalized Geometry (PGG) [1,2] is a variant of Generalized Geometry (GG) [3–5] in
the sense that it shares the same bundle TM ⊕ T ∗M , where TM and T ∗M are tangent and
cotangent bundles of a manifold M , while the roles of vectors and 1-forms are exchanged in
PGG. The bracket used in PGG defines a type of Courant algebroid, which has its basis on a
Lie algebroid (T ∗M)θ of a Poisson manifold M [6–8].
The symmetry of the Courant algebroid of PGG consists of β-diffeomorphisms and β-
transformations, following the terminology introduced in [9, 10]4. An R-flux, i.e. a totally anti-
symmetric tensor of type (3, 0), naturally arises in this framework as an Abelian field strength
associated with a twisting by local β-transformations [1]. However, it is not yet clear that this
flux can actually be interpreted as the “R-flux” which is one of the non-geometric fluxes argued
in physics literature [11–13]. In order to clarify this point, we investigate in this paper a con-
struction of gravity theory coupled with the R-flux of PGG, since the non-geometric fluxes are
considered mainly in the context of gravity theory coupled with them.
4 Strictly speaking, the β-diffeomorphism defined by the authors [9,10] is different from our definition. See [1].
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In the framework of GG, the underlying Riemannian geometry for a gravity theory coupled
with an H-flux is investigated [14–16]. It turns out that the resulting gravity is merely a lift of
the usual general relativity, i.e. it is based on the Levi-Civita connection on the tangent bundle
TM , and the H-flux is incorporated as a torsion part added to this connection under the lift.
Eventually, it turns out that it is the same as the NS-NS sector of supergravity theory, whose
action is invariant under the symmetry of GG, that is, diffeomorphisms and B-(field) gauge
transformations.
In analogy with GG, it is natural to expect that a gravity theory in PGG has similar struc-
tures to that in GG. Namely, it has been suggested that the gravity theory would be a theory
invariant under β-diffeomorphisms and β-gauge transformations. To show this, it is first re-
quired to formulate a “general relativity,” which is invariant under β-diffeomorphisms on a
Poisson manifold, because no well-accepted theory of gravity of such kind has been known at
least in the physics literature. Following mathematical literature [17–22], we construct such a
gravity based on the Lie algebroid (T ∗M)θ of a Poisson manifold, by replacing the Levi-Civita
connection with its contravariant analogue. We then extend this construction to that in PGG
coupled to an R-flux by applying the same strategy as used in GG [14–16]. We show that an
R-flux appears as a torsion part added to the contravariant analogue of the Levi-Civita connec-
tion under the lift, in a similar manner as it is done in the case of an H-flux. By introducing
an appropriate integration measure, we obtain an Einstein-Hilbert-like action for this gravity
theory invariant under both β-diffeomorphisms and β-gauge transformations. In this paper, we
assume that the spacetime metric has Euclidean signature, though the extension to Lorentzian
signature is straightforward.
The organization of this paper is as follows. In section 2, we study a Riemannian geometry
that is compatible with a Poisson structure. In section 3, a construction of gravity theory
based on Poisson generalized geometry in the presence of an R-flux is investigated. In section
4, we summarize this paper. Comparisons with other approaches are also discussed. Since our
constructions are analogous to those of [14,15], we give a short review on them in appendix A.
Appendix B is devoted to the computational details.
2 Riemannian geometry on Poisson manifold
The standard general relativity is based on Riemannian geometry, more precisely, it is based
explicitly on a Riemannian metric on the tangent bundle TM of a manifold M , and thus implic-
itly also on structures of the TM as a Lie algebroid. Then, if the underlying Lie algebroid TM
is replaced by a different Lie algebroid (T ∗M)θ as introduced below, the subsequent geometrical
objects, such as connection, torsion, curvature etc., are also replaced.
More generally, in order to formulate a gravity theory associated with a Lie algebroid A, we
need the following materials:
1. a Lie algebroid A as an infinitesimal symmetry,
2. a differential algebra (Γ(∧•A∗),∧, dA) as a differential calculus,
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3. a Riemannian metric on A,
4. an affine A-connection ∇ : Γ(A)→ Γ(A∗ ⊗A) on the vector bundle A,
5. a torsion and a Riemann curvature tensor of the affine connection ∇,
6. a notion of A-tensor fields, together with their transformation properties under A,
7. an invariant measure with respect to the symmetry A,
8. an Einstein-Hilbert like action.
The first two objects in the list, 1 and 2, are well-known (see for example [23]), and the objects
in 3-5 have already been studied in mathematical literature [17–22].
In this section, we review the formalism for the case of A = (T ∗M)θ, emphasizing a physicist’s
viewpoint and give a study of A-tensor fields listed in point 6. The remaining two points, 7 and
8, will be studied in the next section.
2.1 Lie algebroid on a Poisson manifold
Let M be an n-dimensional Poisson manifold equipped with a Poisson bivector θ ∈ Γ(∧2TM).
Here, θ satisfies the Poisson condition [θ, θ]S = 0, where [·, ·]S is the Schouten-Nijenhuis bracket.
A Lie algebroid of a Poisson manifold [23] is defined by a triple (T ∗M, θ, [·, ·]θ), where T ∗M
is the cotangent bundle over M , the anchor map θ : T ∗M → TM is defined by the Poisson
bivector as θ(ξ) = ι¯ξθ, for ξ ∈ Γ(T ∗M), and the Lie bracket is defined by the Koszul bracket
[ξ, η]θ = Lθ(ξ)η − iθ(η)dξ. (2.1)
We denote this Lie algebroid (T ∗M, θ, [·, ·]θ) as (T ∗M)θ for short.
We can define an exterior derivative as dθ = [θ, ·]S on the space of polyvectors Γ(∧•TM),
which is nilpotent d2θ = 0 due to the Poisson condition. For a function f ∈ C∞(M), its action
yields the Hamiltonian vector field:
dθf = [θ, f ]S = −θ(df). (2.2)
The actions of the “Lie derivative” L¯ζ with ζ ∈ Γ(T ∗M) on a function f , a 1-form ξ and a vector
field X are given by5
L¯ζf := ι¯ζdθf,
L¯ζξ := [ζ, ξ]θ,
L¯ζX := (dθ ι¯ζ + ι¯ζdθ)X, (2.3)
respectively. These operations satisfy the following Cartan relations on the space of polyvectors
Γ(∧•TM)
{ι¯ξ , ι¯η} = 0, {dθ, ι¯ξ} = L¯ξ, [L¯ξ, ι¯η] = ι¯[ξ,η]θ , [L¯ξ, L¯η] = L¯[ξ,η]θ , [dθ, L¯ξ] = 0. (2.4)
With the use of these operations, a differential geometry based on the Lie algebroid (T ∗M)θ
(instead of TM) can be considered on a Poisson manifold.
5 We use the symbol ¯ to distinguish the operations of differential calculus induced by 1-forms from the usual
ones induced by vector fields. For example, ι¯ξ denotes the “interior product” of a 1-form ξ.
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2.2 Contravariant Levi-Civita connection
In this section we study Riemannian geometry compatible with a Poisson structure, following
[17–21].
Let M be a Riemannian manifold as well as a Poisson manifold with local coordinates {xi},
and G be a “Riemannian metric” on the cotangent bundle T ∗M , i.e. G defines a positive-definite
bilinear form on the fiber of T ∗M . Using the coordinate basis of 1-forms {dxi}, the bilinear
form is locally written as
G(ξ, η) = Gijξiηj , (2.5)
for any 1-forms ξ, η ∈ Γ(T ∗M), where Gij := G(dxi, dxj). Its matrix inverse Gij , i.e. GijGjk =
δki , defines a metric on the tangent bundle TM , so that G
−1 is an ordinary Riemannian metric.
Contravariant connection Since we regard the Lie algebroid (T ∗M)θ as a fundamental
object of the geometry of our interest, the notion of a connection is changed as follows [17].
Let E be a vector bundle over M . A contravariant connection on E is a linear map ∇¯ :
Γ(E)→ Γ(TM ⊗E) satisfying
∇¯(fs) = dθf ⊗ s+ f∇¯s, (2.6)
for any section s ∈ Γ(E) and function f ∈ C∞(M). This is a generalization of the exterior
derivative dθ so as to act on a vector bundle E. We refer to ∇¯s as the contravariant derivative
of s.
Contravariant affine connection In particular, a contravariant connection on the cotangent
bundle E = T ∗M should be called a contravariant affine connection. This is also understood as
a bilinear map ∇¯ : Γ(T ∗M) × Γ(T ∗M)→ Γ(T ∗M); (ξ, η) 7→ ∇¯ξη, such that, for any 1-forms ξ,
η and function f ,
∇¯fξη = f∇¯ξη, ∇¯ξ(fη) = (L¯ξf)η + f∇¯ξη. (2.7)
The point is that the argument ξ in the directional derivative ∇¯ξ is given by a 1-form. The
connection coefficients with respect to the coordinate basis {dxi} are defined through
∇¯dxidxj = Γ¯ijk dxk. (2.8)
Hence, together with (2.7), we have
∇¯ξη = ξi(θij∂jηk + Γ¯ijk ηj)dxk, (2.9)
for ξ = ξidx
i and η = ηidx
i in local coordinates {xi}. It is worth comparing the formulae above
with those obtained in the tangent bundle TM by using an ordinary affine connection ∇X and
connection coefficients ∇i∂j = Γkij∂k with respect to the basis vectors {∂i}.
4
Contravariant torsion The torsion of a contravariant affine connection ∇¯ is defined by
T¯ (ξ, η) = ∇¯ξη − ∇¯ηξ − [ξ, η]θ, (2.10)
for any 1-forms ξ and η. Since it is manifestly skew-symmetric and satisfies
T¯ (fξ, η) = fT¯ (ξ, η) = T¯ (ξ, fη), (2.11)
T¯ is a tensor in Γ(∧2TM ⊗ T ∗M). We call T¯ the contravariant torsion.
Contravariant Levi-Civita connection In the usual Riemannian geometry, the Levi-Civita
connection ∇ on the tangent bundle TM is a unique torsion-free metric connection. In an anal-
ogous way, a contravariant affine connection ∇¯ is called a contravariant Levi-Civita connection,
if it is compatible with the metric and torsion free:
L¯ξG(η, ζ) = G(∇¯ξη, ζ) +G(η, ∇¯ξζ), (2.12)
T¯ (ξ, η) = 0, (2.13)
for arbitrary 1-forms ξ, η and ζ.
We show that the contravariant Levi-Civita connection on T ∗M is uniquely specified by the
Koszul formula6 [19–21]
2G(∇¯ξη, ζ) = θ(ξ) ·G(η, ζ) + θ(η) ·G(ξ, ζ)− θ(ζ) ·G(ξ, η)
+G([ζ, ξ]θ, η) +G([ζ, η]θ , ξ) +G([ξ, η]θ , ζ). (2.14)
Through this formula, the connection is determined only by the Riemannian metric G on T ∗M
and the information of the Lie algebroid (T ∗M)θ (i.e. the anchor map and the Koszul bracket).
In local coordinates, with the use of (2.8), the formula (2.14) yields
2GlkΓ¯ijl = θ
il∂lG
jk + θjl∂lG
ik − θkl∂lGij +Glj∂lθki +Gli∂lθkj +Glk∂lθij. (2.15)
where
G(∇¯dxidxj , dxk) = G(Γ¯ijl dxl, dxk) = GlkΓ¯ijl ,
θ(dxi) ·G(dxj , dxk) = θil∂lGjk,
G([dxk, dxi]θ, dx
j) = G(∂lθ
kidxl, dxj) = Glj∂lθ
ki. (2.16)
By acting Gk′k on both sides of (2.15) and rewriting k
′ to k, it is reduced to
Γ¯ijk =
1
2
Gnk
(
θil∂lG
jn + θjl∂lG
in − θnl∂lGij +Glj∂lθni +Gli∂lθnj +Gln∂lθij
)
. (2.17)
In contrast to the usual Christoffel symbol Γkij that is specified only by the metric, the contravari-
ant Christoffel symbol Γ¯ijk (2.17) is determined by both the metric and the Poisson tensor.
6For a proof, see Appendix B.
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Note that the condition of compatibility with the metric (2.12) written in local coordinates
implies
θkl∂lG
ij − Γ¯kil Glj − Γ¯kjl Gil = 0. (2.18)
This equation will be rewritten in a more familiar expression ∇¯dxkGij = 0 in §2.3. The torsion-
free condition (2.13) in terms of components indicates
T¯
ij
k = Γ¯
ij
k − Γ¯jik − ∂kθij = 0. (2.19)
Thus, it implies that the anti-symmetric part of the contravariant Christoffel symbol should not
vanish
Γ¯ijk − Γ¯jik = ∂kθij. (2.20)
This is a consequence of the non-vanishing Lie bracket [dxi, dxj ]θ = ∂kθ
ijdxk of the coordinate
basis, which is a significant difference from the ordinary Christoffel symbol Γkij using the standard
Lie algebroid TM , where [∂i, ∂j ]TM = 0
7.
Contravariant curvature The curvature of a contravariant affine connection ∇¯ is defined by
R¯(ξ, η)ζ = (∇¯ξ∇¯η − ∇¯η∇¯ξ − ∇¯[ξ,η]θ)ζ, (2.21)
where ξ, η and ζ ∈ Γ(T ∗M). It is easily shown that R¯ is tensorial since it satisfies
R¯(fξ, gη)(hζ) = fghR¯(ξ, η)ζ, (2.22)
for any function f, g and h. Thus it defines a map R¯ : Γ(T ∗M) ⊗ Γ(T ∗M) → End(T ∗M) and
we will refer to it as contravariant curvature (Riemann) tensor hereafter.
For this curvature, together with the torsion T¯ , the following Bianchi identities hold8:
S{R¯(ξ, η)ζ} = S{(∇¯ζ T¯ )(ξ, η) + T¯ (T¯ (ξ, η), ζ)}, (2.23)
S{(∇¯ζR¯)(ξ, η) + R¯(T¯ (ξ, η), ζ)} = 0, (2.24)
whereS denotes the cyclic sum over ξ, η, and ζ, e.g. S{R¯(ξ, η)ζ} = R¯(ξ, η)ζ+R¯(η, ζ)ξ+R¯(ζ, ξ)η.
In local coordinates, the components of the curvature are read off from R¯(dxi, dxj)dxk =:
R¯
kij
l dx
l and then we have
R¯
kij
l = θ
im∂mΓ¯
jk
l − θjm∂mΓ¯ikl − ∂nθijΓ¯nkl + Γ¯jkm Γ¯iml − Γ¯ikmΓ¯jml , (2.25)
where Γ¯ijk are connection coefficients, and are in particular given by (2.17) for the case of the
contravariant Levi-Civita connection.
7The anti-symmetric part does not vanish in general for a non-holonomic frame ea = e
i
a∂i of TM .
8See Appendix B, for these derivations.
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A contravariant analogue of the Ricci tensor is defined by contracting an upper index with
a lower one:
R¯kj :=R¯kljl , (2.26)
and an analogue of the scalar curvature is defined by taking the contraction between the metric
G and the analogue of the Ricci tensor
R¯ := GkjR¯
kj. (2.27)
2.3 Tensor calculus
In a geometry with an ordinary affine connection ∇ of the tangent bundle TM , the covariant
derivative has a canonical extension that can act on any type of tensor field. A tensor field T of
type (r, s) is a section of the tensor bundle (TM)⊗r ⊗ (T ∗M)⊗s, which is also characterized by
the transformation rules under diffeomorphisms9. The covariant derivative ∇ is by definition a
covariant object, in the sense that ∇XT is an (r, s)-tensor field, if so T is. These facts serve as
the basis of the tensor calculus.
In this subsection, we give similar arguments in the case of a contravariant affine connection.
Tensor fields We first need to introduce an appropriate notion of tensor fields. Fortunately,
an ordinary tensor field T is automatically a tensor field for the contravariant case. This is due to
the fact that the notion of tensor bundles is unchanged. Thus, for example, the contraction of a
vector field X and a 1-form η, ι¯Xη = X
jηj , is a scalar field, as usual. However, the infinitesimal
transformation characterizing a tensor field is now given by the action of the Lie derivative L¯ζ
generated by any 1-form ζ. We call them β-diffeomorphisms according to [1].
By rewriting (2.3) in terms of local coordinates, we find that a vector field X and a 1-form η
transform under a β-diffeomorphism generated by ζ, (here we denote ∂i = θij∂j), respectively,
as
L¯ζXi = ζk∂kXi + ∂iζlX l + ∂lθikζkX l,
L¯ζηj = ζk∂kηj − ∂lζjηl − ∂jθlkζkηl. (2.28)
These formulae are also understood in more conventional way as follows.
The β-diffeomorphism acts on a coordinate function xi as
L¯ζxi = −ι¯ζθ(dxi) = θ(ζ, dxi) = θkiζk, (2.29)
so that the first term of each equation in (2.28) comes from the shift of the argument xi →
xi − θkiζk. It acts also on the coordinate basis dxi of T ∗M as
L¯ζdxi = [ζ, dxi]θ = ([ζ, dxi]θ)jdxj , (2.30)
9As a transformation rule, we may either use a general coordinate transformation (passive) or a diffeomorphism
(active). See a nice lecture [24] on this point.
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so that the matrix M(ζ) of the change of basis in dxi → dxi +M(ζ)ijdxj is given by
M(ζ)ij = ([ζ, dx
i]θ)j = −(∂iζj + ∂jθilζl). (2.31)
The remaining terms in (2.28) are exactly the result of this change of basis, since they are
rewritten in terms of M(ζ) as
L¯ζXi = ζk∂kXi −M(ζ)ilX l,
L¯ζηj = ζk∂kηj +M(ζ)ljηl. (2.32)
Thus, there are two familiar contributions to the change of vectors and 1-forms under an infinites-
imal β-diffeomorphism (2.28): One is the shift of the argument and the other is the tensorial
factor, as in the case of an ordinary infinitesimal diffeomorphisms10.
With this observation, an extension to characterize tensor fields is canonically achieved: An
(r, s)-tensor field T transforms under the above β-diffeomorphism as
L¯ζT i1···irj1···js = ζk∂kT i1···irj1···js −
r∑
p=1
M(ζ)
ip
l T
i1···l···ir
j1···js
+
s∑
q=1
M(ζ)ljqT
i1···ir
j1···l···js
. (2.33)
Note that the roles of upper and lower indices are switched and there appear relative signs, as
compared to the ordinary transformation law of an (r, s)-tensor field T under diffeomorphism. In
spite of such differences, the notion of contraction between upper and lower indices of tensors still
works, since only the indices that are not contracted determine the transformation properties
under β-diffeomorphisms. For instance, Xjηj transforms as a scalar field
L¯ζ(Xjηj) = (ζk∂kXj −M(ζ)jlX l)ηj +Xj(ζk∂kηj +M(ζ)ljηl)
= ζk∂
k(Xjηj), (2.34)
and Gijηj transforms as a vector field, and so on.
Contravariant derivative The actions of the contravariant derivative of an affine connection
∇¯ζ on the components of a vector field, Xi, and a 1-form, ηj , are written by
∇¯ζηj = ζk∇¯dxkηj = ζk
(
∂kηj + Γ¯
kl
j ηl
)
,
∇¯ζXi = ζk∇¯dxkXi = ζk
(
∂kXi − Γ¯kil X l
)
, (2.35)
respectively. The former comes from the connection on T ∗M , given in (2.9). The latter comes
from the induced connection on the dual bundle TM , which is determined by the compatibility
of the contravariant derivative with the contraction:
L¯ζ(Xjηj) = (∇¯ζXj)ηj +Xj(∇¯ζηj). (2.36)
10 Note that in the ordinary case, the shift xi → xi + ǫi and the change of basis dxi → dxi + ∂jǫidxj are
essentially the same because of [Lǫ, d] = 0, while in our case they are not due to [L¯ζ , d] 6= 0
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From the formulae (2.35), the action of the contravariant derivative is straightforwardly
extended to an (r, s)-tensor field T 11:
∇¯ζT i1···irj1···js = ζk

∂kT i1···irj1···js −
r∑
p=1
Γ¯
kip
l T
i1···l···ir
j1···js
+
s∑
q=1
Γ¯kljqT
i1···ir
j1···l···js

 . (2.37)
Note again that the indices’ structures are flipped and the relative signs appear as compared to
the case of the usual covariant derivative. In the case of the contravariant Levi-Civita connection,
the connection coefficients are specified by (2.17).
By definition, ∇¯ζηj should transform as components of a 1-form. In order to achieve this,
the connection coefficients are found to transform under the β-diffeomorphism not as a tensor
but as
δζ Γ¯
il
j = ζk∂
kΓ¯ilj +M(ζ)
k
j Γ¯
il
k −M(ζ)ikΓ¯klj −M(ζ)lkΓ¯ikj − ∂iM(ζ)lj . (2.38)
For details, see Appendix B. The first term comes form the shift of the argument, the three terms
in the middle are the tensor factors, and the last term is a non-tensorial factor, peculiar to the
connection coefficients. By using this property, it is possible to show that the contravariant
derivative of any other tensor ∇¯ζT i1···irj1···js transforms as an (r, s)-tensor again, see Appendix B.
Contravariant derivative of G and θ There are two characteristic tensor fields Gij and θij
in the present formulation. It follows from (2.37) that the contravariant derivative of the metric
reads
∇¯dxiGmn = θil∂lGmn − Γ¯iml Gln − Γ¯inl Gml. (2.39)
As mentioned in (2.18), it automatically vanishes, i.e. ∇¯dxiGmn = 0, for the case of the con-
travariant Levi-Civita connection (2.17), owing to the metric-compatibility condition.
The contravariant derivative of the Poisson tensor is
∇¯dxiθmn = θil∂lθmn − Γ¯iml θln − Γ¯inl θml, (2.40)
which does not vanish even for the case of the contravariant Levi-Civita connection. However,
permuting the indices of (2.40) cyclically and taking their sum, we see that
∇¯dxkθij + ∇¯dxiθjk + ∇¯dxjθki = 0, (2.41)
with the use of the Poisson condition θm[i∂mθ
jk] = 0 and (2.20). This result is not an accidental
one but is a consequence of the torsion-free condition, as seen below.
In general, the exterior derivative dθ acting on any polyvector can be written in terms of a
contravariant affine connection ∇¯, if it is torsion-free12. For example, for a vector field X, we
11For a detailed analysis, see appendix B.
12 There is a similar statement for the case of de Rham’s exterior differential d and an affine connection ∇
acting on differential forms.
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find
dθX(ξ, η) = θ(ξ) ·X(η) − θ(η) ·X(ξ)−X([ξ, η]θ)
= (∇¯ξX)(η) +X(∇¯ξη)− (∇¯ηX)(ξ) −X(∇¯ηξ)−X([ξ, η]θ)
= (∇¯ξX)(η) − (∇¯ηX)(ξ) +X(∇¯ξη − ∇¯ηξ − [ξ, η]θ)
= (∇¯ξX)(η) − (∇¯ηX)(ξ), (2.42)
where in the first equality we used the definition of dθ, and in the last equality we made use of
the torsion-free condition. Similarly, for θ ∈ Γ(∧2TM), we have
dθθ(ξ, η, ζ) = θ(ξ) · θ(η, ζ) + θ(η) · θ(ζ, ξ) + θ(ζ) · θ(ξ, η)− θ([ξ, η]θ, ζ)− θ([η, ζ]θ, ξ)− θ([ζ, ξ]θ, η)
= (∇¯ξθ)(η, ζ) + (∇¯ηθ)(ζ, ξ) + (∇¯ζθ)(ξ, η)
+ θ(∇¯ξη − ∇¯ηξ − [ξ, η]θ, ζ) + θ(∇¯ηζ − ∇¯ζη − [η, ζ]θ, ξ) + θ(∇¯ζξ − ∇¯ξζ − [ζ, ξ]θ, η)
= (∇¯ξθ)(η, ζ) + (∇¯ηθ)(ζ, ξ) + (∇¯ζθ)(ξ, η). (2.43)
This means, in components, that
dθθ =
1
3!
(∇¯dxkθij + ∇¯dxiθjk + ∇¯dxjθki)∂k ∧ ∂i ∧ ∂j (2.44)
Thus, the Poisson condition [θ, θ]S = 0, in terms of components, θ
m[i∂mθ
jk] = 0, is equivalent
to (2.41) as mentioned above.
2.4 Ordinary Levi-Civita connection as contravariant affine connection
Before closing this section, here we give a possible interpretation of the contravariant Christoffel
symbol Γ¯ijk (2.17), by rewriting it in terms of the ordinary Christoffel symbol Γ
k
ij. This rewriting
is possible, since the derivative of the metric G can be written as
∂mG
ij = −ΓimlGlj − ΓjmlGil, (2.45)
using the ordinary Christoffel symbol Γkij. Substituting (2.45) into the formula of the contravari-
ant Christoffel symbol (2.17), we find
Γ¯ijk = Γ
j
mkθ
mi +Kijk . (2.46)
Here, we introduced a tensor Kijk defined by
Kk
ij = GknK
nij, Kkij =
1
2
(
∇kθij −∇iθjk +∇jθki
)
, (2.47)
where ∇ denotes the ordinary Levi-Civita connection and the raising and lowering of indices is
done by the metric G as usual, e.g. ∇i = Gij∇j.
In eq. (2.46), Γjkm is the ordinary Christoffel symbol associated with the directional derivative
∇X along a vector field X ∈ Γ(TM). However, if X = θ(ξ) for some 1-form ζ ∈ Γ(T ∗M),
then ∇X = ∇θ(ξ) might also be regarded as a contravariant derivative in the ξ-direction. The
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combination Γjkmθ
mi appearing in (2.46) is indeed understood in this way. That is, ∇θ(·) defines
another contravariant connection [18], and the formula (2.46) indicates the difference between
the two contravariant affine connections
∇θ(·) = ∇¯+K. (2.48)
For example, we have
∇θ(ξ)X = ∇¯ξX +K(ξ,X),
∇θ(ξ)η = ∇¯ξη +K(ξ, η). (2.49)
In general, the difference of any two contravariant affine connections should be an endmorphism-
valued vector field. Thus Kk
ij should be a component of the tensor K ∈ Γ(T ∗M ⊗ TM ⊗ TM).
In particular, since ∇¯ is the contravariant Levi-Civita connection, the difference K should be
referred to as a (contravariant version of the) contorsion tensor. In fact, we can compute the
contravariant torsion (2.10) associated with the contravariant affine connection ∇θ(·) as
T (ξ, η) = ∇θ(ξ)η −∇θ(η)ξ − [ξ, η]θ
= ∇¯ξη − ∇¯ηξ − [ξ, η]θ +K(ξ, η)−K(η, ξ)
= K(ξ, η)−K(η, ξ), (2.50)
which is in components
T
ij
k = Kk
ij −Kkji = ∇kθij. (2.51)
Thus, the relation between the contorsion tensor K and the torsion tensor T is obtained as
usual.
In constructing a gravity theory in the present framework using contravariant connections,
the theory based on the contravariant Levi-Civita ∇¯ would correspond to the contravariant
analogue of Einstein’s general relativity, while the theory based on the metric affine ∇θ(·) cor-
responds to a contravariant version of the Einstein-Cartan theory of gravity, equipped with a
torsion.
On the other hand, the relation (2.46) could provide another description of our current frame-
work from the viewpoint of the ordinary framework using covariant connections: a deformation
of general relativity by a matter field θij. Let us rewrite the contravariant curvature tensors in
the previous subsection by using (2.46). After some lengthy computation, see appendix B, we
obtain the contravariant Riemann curvature as
R¯
kij
l = θ
imθnjRklmn − (∇nθij)Knkl + θnj∇nKikl − θni∇nKjkl +KjkmKiml −KikmKjml , (2.52)
where Rklmn denotes the ordinary Riemann curvature tensor made out of the metric G. By using
the expression (2.52), the contravariant Ricci tensor and the scalar curvature are also written as
R¯kj = θlmθnjRklmn − (∇nθlj)Knkl + θnj∇n∇lθlk − θnl∇nKjkl +Kjkm∇lθlm −K lkmKjml ,
R¯ = θlmθnjRjlmn + 2θnm∇n∇lθlm −∇nθnm∇lθlm. (2.53)
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Thus, the appearance of these expressions in an ordinary gravity theory suggests the existence
of a dual description based on a contravariant connection.
As a particular case, when the contravariant contorsion tensor vanishes, Kijk = 0, the
contravariant curvatures reduces to the Riemann curvature, up to a multiplications by θ. This
happens if ∇nθij = 0, i.e. the Poisson tensor is covariantly constant. This is because the
requirement Kijk = 0 implies that
∇nθij = ∇iθjn +∇jθin. (2.54)
By noticing that the left-hand side is skew-symmetric under the interchange of indices {i, j},
whereas the right-hand side is symmetric, it follows that ∇nθij = 0. This class of geometry
is studied in [19–21] under the name of a Riemann-Poisson manifold13. This is realized, for
example, when the manifold is equipped with a Ka¨hler structure, where the Poisson tensor is
induced by the corresponding symplectic form.
3 Gravity theory based on Poisson Generalized Geometry
In this section, we address the construction of a gravity theory on a Poisson manifold in
the framework of the Poisson Generalized Geometry (PGG) [1], where the Courant algebroid
(TM)0 ⊕ (T ∗M)θ is the main object under consideration. Applying Hitchin’s constructions of
a Generalized Riemannian geometry for the standard Courant algebroid TM ⊕ T ∗M [15] to
our case, we show that the connection, the curvature, etc. can be constructed in an analogous
way. In particular, the R-flux formulated in PGG [1] appears as a torsion, similarly as the
H-flux does. After investigating an invariant integration measure, we will give an analogue of
the Einstein-Hilbert action on a Poisson manifold. For reference purposes, we give a brief review
on related issues of [15] in appendix A.
3.1 Courant algebroid (TM)0 ⊕ (T ∗M)θ
Consider a vector bundle TM ⊕ T ∗M equipped with a canonical inner product defined for any
vector fields X, Y and 1-forms ξ, η with X + ξ, Y + η ∈ Γ(TM ⊕ T ∗M) as
〈X + ξ, Y + η〉 = 1
2
(ι¯ξY + ι¯ηX), (3.1)
with an anchor map ρ : TM ⊕ T ∗M → TM
ρ(X + ξ) = θ(ξ), (3.2)
and a skew-symmetric bracket
[X + ξ, Y + η] = [ξ, η]θ + L¯ξY − L¯ηX − 1
2
dθ(ι¯ξY − ι¯ηX). (3.3)
13In the literatures, the author’s definition Dπ = 0 is equivalent to ∇nθij = 0.
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Then the quadruple (TM ⊕ T ∗M, 〈·, ·〉, ρ, [·, ·]) defines a Courant algebroid, which we denote as
(TM)0 ⊕ (T ∗M)θ for short. Its fundamental properties were investigated in [1] under the name
of a Poisson Generalized Geometry. There are two kinds of transformations in this algebroid:
β-transformations
eβ(X + ξ) = X + ξ + iξβ, (3.4)
where β is a bi-vector β ∈ Γ(∧2TM), and the β-diffeomorphisms
eL¯ζ(X + ξ) = eL¯ζX + eL¯ζξ, (3.5)
which is generated by any 1-form ζ ∈ Γ(T ∗M). A β-transformation implies the relation
[eβ(X + ξ), eβ(Y + η)] = eβ ([X + ξ, Y + η] + ι¯η ι¯ξdθβ) . (3.6)
Thus the β-transformation is a symmetry of the bracket if β is dθ-closed. In particular, we call
a β-transformation as a β-gauge transformation if β is dθ-exact. For more details, see [1]
14.
It is shown that the bracket (3.3) satisfies the following relations
[u, fv] = f [u, v] + (L¯ξf)v − (dθf)〈u, v〉, (3.7)
L¯ξ〈v,w〉 = 〈[u, v] + dθ〈u, v〉, w〉 + 〈v, [u,w] + dθ〈u,w〉〉, (3.8)
where u = X + ξ, v = Y + η, w = Z + ζ ∈ (TM)0 ⊕ (T ∗M)θ, and f is any smooth function15.
They stem from (combinations of) the axioms of a Courant algebroid [25, 26]. For their proof,
see appendix B. These properties are crucial in defining a connection which is compatible with
O(n, n)-invariant inner product 〈·, ·〉 as we shall see in the following subsection.
R-flux In [1], an R-flux is defined as a dual analogue of an H-flux [27, 28] in TM ⊕ T ∗M . It
is a trivector R ∈ Γ(∧3TM) and is an Abelian field strength associated with the local β-gauge
symmetry. The R-flux is written locally by a set of gauge field bivectors βα ∈ Γ(∧2TUα) as
R|Uα = dθβα, (3.9)
on an open set Uα ofM . Note that a β-gauge transformation βα → βα+dθΛα keeps R invariant.
An R-flux16 is used to deform the structure of the Courant algebroid (TM)0 ⊕ (T ∗M)θ,
which is called an R-twisting. On one hand, R defines an R-twisted Courant algebroid E which
satisfies the exact sequence
0→ (TM)0 → E → (T ∗M)θ → 0, (3.10)
14 The condition L¯ζθ = 0 for ζ is needed to preserve the anchor map, but it is not required in the following
argument.
15Note that in (3.8) the right-hand side seems to depend on both vector field X and 1-form ξ, although the
left-hand side depends only on 1-form ξ. We can show, however, that the terms involving X in the right-hand
side cancel and thus the right-hand side is independent of X.
16More precisely, its class is in the third Poisson cohomology [R] ∈ H3θ (M).
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with the same bracket as (3.3). On the other hand, R defines a Courant algebroid (TM ⊕
T ∗M, 〈·, ·〉, ρ, [·, ·]R) with the R-twisted bracket
[X + ξ, Y + η]R = [X + ξ, Y + η] + ι¯η ι¯ξR. (3.11)
It is shown in [1] that these two deformations are equivalent, that is, there is an isomorphism
ϕ : TM ⊕ T ∗M → E of Courant algebroids, which comes essentially from the local version of
the formula (3.6). In the following, we adopt the latter description of the R-twisting. When
an R-flux is present, we still denote the Courant algebroid as (TM)0 ⊕ (T ∗M)θ but with the
R-twisted bracket (3.11).
Since the definition and the appearance of an R-flux are analogous to those of an H-flux in
standard GG, we expect that an R-flux plays a role analogous to the one of an H-flux in the
gravity theory.
3.2 Generalized Riemannian structure
As in the standard Generalized Geometry, a generalized Riemannian structure is defined as a
maximally positive-definite subbundle C+ of the bundle TM ⊕ T ∗M , where the positivity is
defined with respect to the inner product (3.1). Together with its orthogonal complement C−,
we thus have TM ⊕ T ∗M = C+ ⊕ C−.
In general, the subbundles C± are given by graphs associated with maps ±G+ β : T ∗M →
TM
C± = {ξ + (±G+ β)(ξ) | ξ ∈ T ∗M}, (3.12)
respectively [1]. Here the symmetric part G of the maps is a Riemannian metric on T ∗M , since
the inner product of elements in C+ reduces to the Riemannian metric on T
∗M , as 〈ξ + (G +
β)(ξ), η + (G + β)(η)〉 = G(ξ, η). The skew-symmetric part β ∈ Γ(∧2TM) is a bivector on M .
We can simplify an argument concerning this bivector β, by recognizing (3.12) as the result of
performing a β-transformation eβ (3.4) on the bundle
C ′± = {ξ ±G(ξ) | ξ ∈ T ∗M}. (3.13)
According to the formula (3.6), there is an isomorphism between these two Courant algebroids,
eβ : C ′+ ⊕ C ′− → C+ ⊕ C−, where the bracket of the former is [X + ξ, Y + η]R+dθβ. Thus, by
redefining the β-gauge potential as βα → βα + β on each open set Uα, the effect the bivector
β is absorbed into a replacement of the R-twisted bracket. In the same manner, a further β-
transformation eβ˜ with dθβ˜ = 0 might also be absorbed into a redefinition of the bracket, but it
does not change the bracket at all. This is understood as a gauge transformation of the β-gauge
potential.
In this way, a choice of a Riemannian metric G on T ∗M is translated into a choice of the
subbundle C ′+ of the form (3.13), which we denote C+ hereafter, omitting the prime. Note that
this observation, together with the replacement of the bracket with the twisted bracket, plays
an important role in the construction of the gravity theory on the standard Courant algebroid
TM ⊕ T ∗M [15].
14
Projections and lifts In order to represent the sections of the subbundles C±, we introduce
two kinds of maps [15], which we call projections and lifts. We define the lifts ± : Γ(T ∗M) →
Γ(C±) and
± : Γ(TM)→ Γ(C±), respectively, by
ξ± := ξ ±G(ξ), X± := X ±G−1(X), (3.14)
for any 1-form ξ and vector field X. In the latter, we used the fact that C± are also written
as C± = {X ± G−1(X) | X ∈ TM}. The projections pi± : Γ(TM ⊕ T ∗M) → Γ(C±) are
canonically defined. By noting pi±(X) =
1
2pi±(X +G
−1(X) +X −G−1(X)) = 12(X ±G−1(X)),
and pi±(ξ) =
1
2pi±(ξ +G(ξ) + ξ − G(ξ)) = 12 (ξ ± G(ξ)), the projections are written in terms of
the lifts as well:
pi±(X + ξ) =
1
2
(X± + ξ±). (3.15)
3.3 Contravariant connection, torsion and curvature
In this subsection we define a contravariant connection and its torsion and curvature on the
positive-definite subbundle C+ of the Courant algebroid (TM)0 ⊕ (T ∗M)θ equipped with an
R-twisted bracket. The definitions are the contravariant analogue of those given by Hitchin for
the standard Courant algebroid TM ⊕ T ∗M [15].
Contravariant connection Let D¯ be a bilinear map D¯ : Γ(T ∗M ⊗C+)→ Γ(C+) defined by
D¯ξ(u) := pi+
(
[ξ−, u]R
)
, (3.16)
where ξ ∈ Γ(T ∗M) and u ∈ Γ(C+). Then, the following properties are satisfied
D¯fξ(u) = fD¯ξ(u), (3.17)
D¯ξ(fu) = fD¯ξ(u) + (L¯ξf)u, (3.18)
for any smooth function f (For a proof, see appendix B.). Hence, the map D¯ defines a con-
travariant connection (2.6) on the bundle C+.
Furthermore, we can show that D¯ is compatible with the canonical O(d, d)-invariant inner
product (3.1):
L¯ξ〈u, v〉 = 〈D¯ξ(u), v〉 + 〈u, D¯ξ(v)〉, (3.19)
for any u and v ∈ Γ(C+) (see appendix B).
Contravariant torsion The torsion associated with the contravariant connection D¯ can also
be defined in a parallel manner with [15], although D¯ is not an affine connection. For ξ and
η ∈ Γ(T ∗M), we define the contravariant torsion τ¯ : Γ(∧2T ∗M)→ Γ(C+) by
τ¯(ξ, η) = D¯ξ(η
+)− D¯η(ξ+)− ([ξ, η]θ)+, (3.20)
which is actually tensorial since, with the use of the formula (B.48), it satisfies
τ¯(fξ, gη) = fgτ¯(ξ, η). (3.21)
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Contravariant curvature We define the curvature of D¯ as a map Ω¯ : Γ(∧2T ∗M)→ Γ(End(C+))
by
Ω¯(ξ, η)u = (D¯ξD¯η − D¯ηD¯ξ − D¯[ξ,η]θ)u, (3.22)
for ξ, η ∈ Γ(T ∗M) and u ∈ Γ(C+). It satisfies the tensorial property (see appendix B),
Ω¯(fξ, gη)(hu) = fghΩ¯(ξ, η)u. (3.23)
In summary, the contravariant connection as well as torsion and the curvature are consistently
defined on C+. Note that in the proofs of their well-definedness, we merely utilized the properties
(3.7) and (3.8), coming from the axioms of Courant algebroids. Thus, these constructions are
also applicable to any Courant algebroid. To elaborate on the characteristic properties in our
case, we next examine the local expressions of these objects with the full-use of the R-twisted
bracket.
3.4 Local expressions
In this subsection, we present the local expressions of the objects in the previous section. In
particular, we show that the contravariant connection D¯ on C+ is the lift of a contravariant
metric affine connection on T ∗M . In local coordinates, we take the coordinate basis as {dxi}
for T ∗M . Then, by applying the lift, {(dxi)+ = dxi +Gij∂j} are the basis of C+.
Contravariant connection First we shall calculate the connection (3.16) for ξ = dxi and for
u = (dxj)+,
D¯dxi(dx
j)+ = pi+([(dx
i)−, (dxj)+] + ι¯dxj ι¯dxiR). (3.24)
We can read off the connection coefficients from D¯dxi(dx
j)+ = Υ¯ijk (dx
k)+ as
Υ¯ijk = Γ¯
ij
k +
1
2
RijnGnk, (3.25)
where Γ¯ijk is the contravariant Christoffel symbol (2.17) of the contravariant Levi-Civita connec-
tion, and Rijn is the R-flux.
To show this, we note that the bracket in the first term in (3.24) is evaluated by using (3.3)
as17
[dxi −Gik∂k, dxj +Gjl∂l]
= ∂kθ
ijdxk + [θmn(∂mG
ji)− θmi(∂mGjn)− θmj(∂mGin)−Gjl(∂lθin)−Gil(∂lθjn)]∂n. (3.26)
Acting the projection pi+ on the above expression and noting (3.15), which implies pi+(dx
k) =
1
2(dx
k)+ and pi+(G
nk∂n) =
1
2 (dx
k)+, the first term of the connection coefficients (3.24) is nothing
17 For computational details, see appendix B.
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but the contravariant Christoffel symbol (2.17):
pi+([(dx
i)−, (dxj)+]
=
1
2
[∂kθ
ij +Gnk(θ
mk∂mG
ij − θmi∂mGjk − θmj∂mGki −Gjm∂mθik −Gim∂mθjk)](dxk)+
=Γ¯ijk (dx
k)+. (3.27)
Note that the metric compatibility (2.12) of ∇¯ is equivalent to (3.19). Thus, when the R-flux
is absent, the contravariant connection D¯ on C+ is the lift of the contravariant Levi-Civita
connection ∇¯ on T ∗M .
Since R in (3.24) is a trivector18, R = 13!R
ijn∂i ∧ ∂j ∧ ∂n, we can straightforwardly evaluate
the second term of (3.24) as
pi+(ι¯dxj ι¯dxiR) = pi+(R
ijn∂n) = R
ijnGnkpi+(G
kl∂l) =
1
2
RijnGnk(dx
k)+. (3.28)
In summary, we obtain the explicit form of the contravariant connection on C+ as
D¯dxi(dx
j)+ =
(
Γ¯ijk +
1
2
RijnGnk
)
(dxk)+. (3.29)
It is the lift of a contravariant metric affine connection on T ∗M .
Contravariant torsion The components of the torsion tensor (3.20) is obtained by computing
τ¯(dxi, dxj) = τ¯ ijk (dx
k)+, (3.30)
and is written in terms of Υ¯ijk in (3.25) as
τ¯
ij
k = Υ¯
ij
k − Υ¯jik − ∂kθij. (3.31)
This implies that the torsion tensor of D¯ is also the lift of the torsion tensor T¯ (2.10) of the
contravariant affine connection ∇¯. In fact, from (3.25) we have
τ¯
ij
k = (Γ¯
ij
k − Γ¯jik − ∂kθij) +RijnGnk
= RijnGnk, (3.32)
where (2.19) is used. Thus, the contravariant Levi-Civita part of the connection Υ¯ijk does
not contribute to the torsion τ¯ , whereas the R-flux does. This is parallel to the case of the
standard generalized geometry, where an H-flux appears as the torsion of the generalized Bismut
connection [16].
18Because R is written by a local bivector potential as R = dθβα = [θ, βα]S , its components are also written as
R
ijn = θnm∂mβ
ij
α + θ
im
∂mβ
jn
α + θ
jm
∂mβ
ni
α + β
nm
α ∂mθ
ij + βimα ∂mθ
jn + βjmα ∂mθ
ni
.
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Contravariant curvature The components of the curvature tensor (3.22) are found by
Ω¯(dxi, dxj)(dxk)+ = Ω¯kijl (dx
l)+, (3.33)
and are written in terms of (3.25) as
Ω¯kijl = θ
im∂mΥ¯
jk
l − θjm∂mΥ¯ikl − ∂nθijΥ¯nkl + Υ¯jkm Υ¯iml − Υ¯ikmΥ¯jml . (3.34)
Of course, for the case of a vanishingR-flux (Rijn = 0 in (3.25)), this reduces to the contravariant
Riemann tensor (2.25):
R¯
kij
l = θ
im∂mΓ¯
jk
l − θjm∂mΓ¯ikl − ∂nθijΓ¯nkl + Γ¯jkm Γ¯iml − Γ¯ikmΓ¯jml . (3.35)
The remaining terms in (3.34) should be written by a combination of tensors. Explicitly, we
find19
Ω¯kijl =R¯
kij
l +
1
2
(
∇¯dxiRjkn − ∇¯dxjRikn
)
Gnl +
1
4
Gnm
(
RjknRimp −RiknRjmp
)
Gpl. (3.36)
Generalized contravariant Ricci tensor and Ricci scalar Since the index structure of
Ω¯kijl is the same as the contravariant Riemann tensor, we define the corresponding Ricci tensor
and the Ricci scalar in the same way as (2.26) and (2.27), respectively, prefixing the term
“generalized” with them: The generalized contravariant Ricci tensor Ω¯kj is obtained from (3.36)
as
Ω¯kj :=Ω¯kljl
=R¯kj +
1
2
∇¯dxlRjknGnl +
1
4
Gnm
(
RjknRlmp −RlknRjmp
)
Gpl, (3.37)
with R¯kj being (2.26); the generalized contravariant Ricci scalar Ω¯ is given by
Ω¯ :=GkjΩ¯
kj = R¯− 1
4
R2, (3.38)
where R¯ is given in (2.27) and R2 denotes
R2 = GilGjmGknR
ijkRlmn. (3.39)
Thus the generalized contravariant Ricci scalar Ω¯ is given by a sum of the contravariant
Ricci scalar R¯, and the square of the R-flux. Since the contravariant Levi-Civita part is defined
independently of the presence of R-fluxes, we may consider a particular case of R = 0 without
any problem. The outcome (3.38) has the same structure as the generalized Ricci scalar obtained
in standard Generalized Geometry, where the generalized Ricci scalar consists of the ordinary
Ricci scalar and the square of the H-flux, see appendix A.
19See, Appendix B.
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3.5 Invariant measure
Towards the construction of an action for a gravity theory that is relevant to our geometry, we
would like to determine an appropriate invariant measure, or equivalently a volume form. In
this subsection, we argue that if the Poisson manifold M is unimodular, there is a measure such
that the integrations of scalar functions are invariant under β-diffeomorphisms.
To clarify this, we shall recall first the notion of an invariant measure in the ordinary general
relativity. If we assume that the n-dimensional manifold M is orientable, we can always choose
a volume form (nowhere vanishing top form) Σ ∈ Γ(∧nT ∗M), written in local coordinates,
Σ = ρdx1 ∧ · · · ∧ dxn. (3.40)
Under a diffeomorphism generated by a vector field X = Xi∂i, it transforms as
LXΣ = d(iXΣ) = ∂i(ρXi)dx1 ∧ · · · ∧ dxn. (3.41)
which is a total divergence (d-exact top form). Hence, the integration of a scalar function f
(i.e., ρf is a Lagrangian density) over the manifold M is diffeomorphism invariant∫
M
LX(Σf) =
∫
∂i(ρX
if)dnx = 0, (3.42)
provided that the surface integral vanishes. In particular, if X is divergence free, divΣX =
1
ρ∂i(ρX
i) = 0, the volume form Σ itself is invariant. On a Riemannian manifold M equipped
with a metric G, it is conventional to set
ρ =
√
detG. (3.43)
In our case of the gravity on a Poisson manifold, we would like to introduce a volume form
Σ such that its β-diffeomorphism L¯ζΣ reduces to a total divergence. However, it is in general
impossible to find such Σ, because L¯ζΣ is not necessarily d-exact. Explicitly, we have
L¯ζΣ = −1
ρ
∂i(ρθ
ij)ζjΣ+ θ
ij∂iζjΣ, (3.44)
and we immediately recognize that the relative sign prevents the right-hand side from being a
total divergence.
It is known that the modular class of a Poisson manifoldM is an obstruction to the existence
of a volume form on M , which is invariant under the action of Hamiltonian vector fields [29],
see also [30] and references therein. Since a Hamiltonian vector field Xf = −dθf is a particular
case of the β-diffeomorphism, it is natural to expect that there is a desired volume form when
the modular class is trivial. We show that this is indeed the case.
Modular class Given a volume form Σ as (3.40), by applying the formula (3.41) to a Hamil-
tonian vector field Xf = −dθf = θ(df), we have
LXfΣ = XΣ(f)Σ, XΣ(f) = −
1
ρ
∂i(ρθ
ij)∂jf. (3.45)
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Since f is arbitrary, it is shown that XΣ defines a vector field, called the modular vector field,
locally represented as
XΣ = −1
ρ
∂i(ρθ
ij)∂j . (3.46)
Let Σ1 be another volume form. Then, since it can be written as Σ1 = e
χΣ for some function
χ, the corresponding modular vector field XΣ1 is given by
XΣ1 = XΣ + dθχ. (3.47)
It is also shown that dθXΣ = 0. Therefore, its cohomology class [XΣ] ∈ H1θ (M), called the
modular class, in the first Poisson cohomology is independent of the volume form [29].
Proof. The left hand side of the equation LXfΣ1 = XΣ1(f)Σ1 becomes
LXfΣ1 = LXf (eχΣ) = (LXfχ)eχΣ+ eχ(LXfΣ)
= θ(df, dχ)Σ1 +XΣ(f)Σ1 = (XΣ(f)− θ(dχ, df))Σ1
= (XΣ + dθχ) (f)Σ1. (3.48)
This shows the first assertion (3.47). Next, the equation
XΣ({f, g})Σ = LX{f,g}Σ = [LXf ,LXg ]Σ
= LXfXΣ(g)Σ − LXgXΣ(f)Σ
= (Xf (XΣ(g)) −Xg(XΣ(f))) Σ
= ({f,XΣ(g)} + {XΣ(f), g}) Σ, (3.49)
implies that the vector field XΣ generates an infinitesimal flow preserving the Poisson bracket.
It means that 0 = LXΣθ = dθXΣ. q.e.d.
Note that the equation (3.44) is rewritten by using the modular vector field as
L¯ζΣ =
(
iζXΣ + θ
ij∂iζj
)
Σ. (3.50)
Unimodular case In general, a Poisson manifold M is called unimodular20, if its modular
class vanishes, [XΣ] = 0. In this case, a modular vector field is always dθ-exact, that is, XΣ = dθφ
for some function φ on M :
XΣ = −1
ρ
∂i(ρθ
ij)∂j = −θij∂iφ∂j . (3.51)
Let Σ1 = e
−φΣ be another volume form induced from Σ. Then, according to (3.47), the
corresponding modular vector field vanishes: XΣ1 = XΣ − dθφ = 0. Hence, Σ1 is invariant
LXfΣ1 = 0 for any Hamilton vector field Xf .
20It is different from the unimodular condition
√−g = 1 used in the unimodular gravity.
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Moreover, we observe that the same volume form Σ1 transforms as a total divergence under
a β-diffeomorphism. Indeed, by applying (3.50) for Σ1, we have
L¯ζ(Σ1) = θij∂iζjΣ1
= ∂i(ρθ
ije−φζj)dx
1 ∧ · · · ∧ dxn, (3.52)
where we used
∂i(ρθ
ije−φζj) = ∂i(ρθ
ij)e−φζj − ρθij∂iφe−φζj + ρθije−φ∂iζj
= ρθije−φ∂iζj, (3.53)
following from (3.51). Hence, the integral defined by the measure Σ1 is invariant under β-
diffeomorphisms.
Since in our case, a unimodular Poisson manifoldM is also a Riemannian manifold equipped
with a metric G, we choose the Riemannian volume form ρ =
√
detG in Σ. Then, our invariant
measure is
Σ1 = e
−φ
√
detGdx1 ∧ · · · ∧ dxn. (3.54)
The integration of any scalar function f with this measure is invariant under both diffeomorphism
and β-diffeomorphism. This factor e−φ is a reminiscent of the dilaton field. However, it should
be determined by the partial differential equation
θij∂iφ =
1√
detG
∂i(
√
detGθij), (3.55)
which follows from (3.51). The existence of the solution is guaranteed by the unimodularity.
As a special case, we consider a symplectic manifold, which is a unimodular Poisson manifold.
In this case, (3.55) reduces to
∂kφ = −Gij∂kGij + θ−1jk ∂iθij. (3.56)
For the case of a Ka¨hler manifold in particular, it would be an interesting question how this
scalar field φ controls the balance of the metric and the symplectic form. In [19–21], it is also
shown that a Riemann-Poisson manifold is unimodular.
3.6 Einstein-Hilbert-like action and others
Since we have obtained both the generalized contravariant Ricci scalar Ω¯ (3.38) and the invariant
measure Σ1 (3.54), an Einstein-Hilbert-like action can be written as
S[G,β] =
∫
dnxe−φ
√
detGij
(
R¯− 1
4
R2
)
, (3.57)
where R¯ is the contravariant Ricci scalar and R is the R-flux obtained in the preceding sub-
sections. As argued previously, this action is invariant under β-diffeomorphisms. Moreover,
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it is also invariant under β-gauge transformations. This is because a β-gauge transformation
can only affect an R-flux, but it keeps R invariant, as mentioned below (3.9). Thus we have
obtained a kind of gravity theory that consistently couples with an R-flux. By construction, the
dynamical variables of this theory are the metric G and the local bivectors βα.
As in the case of ordinary gravity, this choice of action is just the simplest one. More
generally, any scalar (other than Ω¯) is allowed to be utilized in the construction of an action.
Since there is the Poisson tensor θij in addition to the metric Gij , the number of possibilities
to make scalar quantities is much greater than that in the usual gravity theory. Furthermore,
if the inverse of the Poisson tensor exists, the degrees of freedom of making a scalar increase
tremendously. For example, multiplying θ−1 twice on the contravariant Riemann tensor R¯kijl
(2.52) yields the ordinary Riemannian tensor Rklab (plus other terms made of the contravariant
contorsion):
− θ−1ai θ−1bj R¯kijl
=Rklab + (∇nθ−1ab )Knkl + θ−1ai ∇bKikl − θ−1bj ∇aKjkl − θ−1ai θ−1bj KjkmKiml + θ−1ai θ−1bj KikmKjml . (3.58)
This tensor can also be used to construct the action, which might be interpreted as a deformation
of the ordinary gravity theories including the ordinary Einstein-Hilbert action. Of course, which
action it favors depends on the situation. This will be clarified by studying classical solutions
of the theory and their geometry, or relations to other theories such as string theory.
4 Conclusion and Discussion
In this paper, we studied the Riemannian geometry on a Poisson manifold, first in the framework
of a geometry based on the Lie algebroid (T ∗M)θ of a Poisson manifold and then in the framework
of the Poisson Generalized Geometry based on the Courant algebroid (TM)0 ⊕ (T ∗M)θ. We
found the consistent definitions of the contravariant versions of the connection, torsion and the
curvature tensors in both frameworks and established the relationship between them. It is worth
noting that the R-flux appeared as a contravariant torsion tensor. Then we showed that gravity
theories coupled with R-fluxes can be constructed. In particular, using the contravariant Ricci
scalar Ω¯, which is a sum of the contravariant Ricci scalar R¯ and the square of the R-flux as
Ω¯ = R¯− 1
4
R2, (4.1)
together with the invariant measure on unimodular Poisson manifolds, we constructed the
Einstein-Hilbert-like action
S[G,β] =
∫
dnxe−φ
√
detG
(
R¯− 1
4
R2
)
, (4.2)
which is invariant under both β-gauge transformations and β-diffeomorphisms.
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Comparison with ordinary gravity The structure of the results obtained above is the same
by construction as those in the case of the standard Generalized Geometry. There, the H-flux
appears as a torsion tensor and the generalized Ricci scalar is a sum of the ordinary Ricci scalar
R and the square of the H-fluxes:
Ω = R− 1
4
H2, (4.3)
where the Ricci scalar R is the one constructed from the Riemannian metric gij and H
2 =
gilgjmgknHijkHlmn (see Appendix A). The resulting action is that of the NSNS sector of the
supergravity theory21
SNSNS[g,B] =
∫
dxn
√
det gij
(
R− 1
4
H2
)
, (4.4)
which is invariant under both B-gauge transformations and diffeomorphisms.
Although these two theories, S[G,β] and SNSNS[g,B], are similar in their structures, they
are definitely different in many ways. The differences stem from the difference between two Lie
algebroids (T ∗M)θ and TM , and the two different Courant algebroids (TM)0 ⊕ (T ∗M)θ and
TM ⊕ T ∗M . In particular, R-fluxes and H-fluxes are generically independent notions. The
difference becomes more apparent if we switch the description of an R-flux via the R-twisted
bracket to the description via the R-twisted Courant algebroid E (see (3.10)). An H-flux also
has such a description by an H-twisted Courant algebroid E′. These two algebroids E and E′
are different as vector bundles, since E is glued by local β-gauge transformations, while E′ is
glued by local B-gauge transformations. Thus there is in general no way to relate both of them,
except for imposing a particular constraint on the geometry on M .
Nevertheless, it is meaningful to compare the two theories, when we focus on the gravitational
part only. This makes sense because the metric structure is independent of whether the fluxes are
present or not, as explained in the beginning of section 3.2. In particular, we shall assume that
the Courant algebroid is twisted by a trivial element of the Poisson cohomology, or equivalently,
the R-twisted bracket is given by R = dθβ with a global bivector β. Then, we can come back to
the bundle (3.12) parametrized by G + β. Similarly, if the H-flux is trivial in a sense similarly
as discussed above, C+ is given by a graph associated with a map g +B : TM → T ∗M ,
C+ = {X + (g +B)(X) | X ∈ TM}, (4.5)
where B is a global 2-form.
Now we recall the argument in [1]. Since the definition of the subbundle C+ depends only on
the bundle and the bilinear form, a generalized Riemannian structure of the Courant algebroid
(TM)0 ⊕ (T ∗M)θ is equivalent to that of the standard Courant algebroid TM ⊕ T ∗M . In other
words, these two Courant algebroids share the same generalized Riemannian structure C+. The
two representations (3.12) and (4.5) of C+ are related by
G+ β = (g +B)−1. (4.6)
21We ignore the dilaton term.
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Thus, it is possible to compare the two theories S[G,β] and SNSNS[g,B] through this relation.
Note, however, that the Poisson tensor θ does not appear in this relation22. One possibility is
to treat the Poisson tensor as a matter field as in the argument in §2.4.
Future directions To understand the dynamics of the theory, we need to investigate the
equations of motion, and to analyze their classical solutions. Solutions of particular interest
are the analogue of the fundamental string solution and the NS5-brane solution that should
be charged under the R-flux, since such objects are speculated to exhibit exotic geometrical
properties [33–43]. An open question is whether our framework provides a geometrical meaning
for those non-geometric objects.
It is also interesting to study the concept of T-duality within this theory, together with the
Kalza-Klein reduction. As shown in [2], at the topological level, the Q-fluxes appear in PGG
when the spacetime M is non-trivially fibered by S1. At the level of the Riemannian geometry,
this information should be included in the contravariant scalar curvature term in the action.
There is another open question about the status of the Poisson structure. By construction,
in this paper we assume that the Poisson structure is given before a Riemannian metric is
defined. The resulting equation of motion of the gravity theory determines the metric for a
fixed Poisson structure, rather than being determined simultaneously. Note that our setting
is close to the concept of the non-commutative geometry. In general, a Poisson manifold can
be regarded as the semi-classical approximation of a non-commutative space, that is, a Poisson
tensor is a part of the characterization of a space. Hence, by applying Kontsevich’s deformation
quantization [44,45], it is natural to expect that the gravity theory in this paper might be lifted
to a gravity theory on a non-commutative space. In this sense, it is interesting to compare our
theory with the work of [46], or with the emergent gravity approach in matrix models [47–49].
Comparison with other approaches We give a few comments on the relationships to other
approaches to gravity theory with non-geometric fluxes.
The approach [9] is conceptually similar to the content of §2 of this paper. The authors
consider a quasi-Poisson version of our Lie algebroid (T ∗M)θ and regard their R-flux as the
violation of the Poisson condition due to the quasi-Poisson structure. Based on these notions of
geometry, they construct the contravariant Levi-Civita connection and obtain an action, which is
invariant under their β-diffeomorphisms. Their action is equivalent to (4.4) by a field redefinition
G+ β to g + B, for the symplectic case. In particular, eq. (4.23) of [9] is formally the same as
ours (2.17), if we identify their β as our θ.
The series of papers by Andriot et.al. [10,43,50–55] is conceptually very different from ours,
because their formalism is based on the double field theory (DFT) approach (see [56–60] for
DFT.). They consider differential geometry on the doubled space and construct a connection.
The resulting theory is a sum of the ordinary and the dual Ricci scalar plus non-geometric
22Note that there is also another relation of two Riemannian metrics G and g including the Poisson tensor θ
[31,32], appears in a different situation, where both descriptions are in the the same Courant algebroid TM⊕T ∗M .
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flux terms, which is manifestly invariant under the ordinary diffeomorphism. By dropping the
dependence on the dual coordinates, their outcome is also equivalent to (4.4) [10]. In this
approach, there are also similar formulae to ours. In particular, eq. (24) in [51] is formally
the same as our (2.17), our relations (2.46) and (2.47) are given in (1.26) of [10] and it is also
suggested that our (2.48) corresponds to (3.13) of [10]23, if we again identify their β as our θ.
However, there are significant differences between the work mentioned above and our con-
struction that can be summarized as follows: In both approaches, [9] and [10, 43, 50–54] our
Poisson tensor θ is replaced by a (not necessary Poisson) bivector β. This causes a break-
down of the Lie algebroid structure of (T ∗M)θ. As a result, they need to introduce a rather
complicated definition of β-diffeomorphism and the notion of β-tensors. We expect that our
construction in this paper should have clarified this point and achieved an improvement in
geometrical understanding.
Furthermore, it should be noted that their definitions of Q- and R-fluxes, are different from
ours. In both approaches, a bivector β plays the role of a source of such fluxes. For example,
they are defined in [51] as
Rijk = 3(∂˜[iβjk] + βl[i∂lβ
jk]), Q ijk = ∂kβ
ij , (4.7)
and by dropping the dual derivative, they are equivalent to those in [9]. Rijk appears in the
commutator of the connection, and Q ijk appears in the skew-symmetric part of the connection
24.
This suggests again that their fluxes correspond to the gravitational part of our theory (§2 in
this paper), by the replacement of our θ with their β. If β = θ is Poisson, then Rijk = 0, which
is guaranteed by the Poisson condition [θ, θ]S = 0, and the Q
ij
k above is nothing but the skew-
symmetric part of our contravariant Levi-Civita connection. As a result, it is not clear whether
an R-flux in their definition is a gauge field strength like an H-flux, and it is not explained why
the combination of the Ricci scalar and the R-square term appears.
On the other hand, in our approach, the roles of the Poisson tensor θ and the bivector
potential β are independent of each other, and the R-flux is treated in the same way as an
H-flux. That is, our R-flux is independent of the gravity part (i.e. the contravariant Levi-Civita
connection), but is combined with the gravity as a torsion when considering a connection on
C+. This explains the combination above as a generalized Ricci scalar, although the physical
meaning of θ is still unclear. In our approach, a Q-flux appears also in the different places: it is
associated with the Kaluza-Klein reduction of a metric [2].
Another but the most important difference lies in the point where they consider that the
theories should be equivalent to the ordinary gravity theory with an H-flux, whereas we do not
assume such an equivalence. However, rather than focusing on such differences, in our opinion,
it would be better to pursue the study of their similarities more concretely. For example, the
formal coincidence to the formula (24) in [51], mentioned above, suggests that our contravariant
Levi-Civita connection can be lifted to the DFT framework. Then, it is interesting to see how
23These points are clarified in communication with David Andriot.
24 In [43,51], a differnt definition of a Q-flux is given, in terms of flat indices.
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our R-flux is lifted under such a scenario. After lifting to the DFT framework, it would be
possible to compare these approaches with ours in more detail.
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A Riemannian geometry based on Generalized Geometry
Here we review on the Riemannian geometry in the framework of the standard generalized
geometry, based on the Courant algebroid TM ⊕ T ∗M . For more details, see [14].
A.1 Courant algebroid TM ⊕ T ∗M
The Courant bracket in the standard generalized geometry is defined by
[X + ξ, Y + η] = [X,Y ] + LXη − LY ξ − 1
2
d(iXη − iY ξ), (A.1)
where X,Y ∈ Γ(TM) and ξ, η ∈ Γ(T ∗M). For u = X+ ξ, v = Y +η and a 2-form B, it is shown
that
[eB(u), eB(v)] = [u+B(X), v +B(Y )] = eB([u, v]) + iY iXdB. (A.2)
Thus the bracket is invariant under the B-transformation eB with a closed 2-form, dB = 0. In
general, in the case of dB 6= 0, it acts as a shift H → H + dB in the H-twisted bracket
[u, v]H = [u, v] + iY iXH. (A.3)
The Courant bracket satisfies following relations,
[u, fv] = f [u, v] + (LXf)v − df〈u, v〉, (A.4)
LX〈v,w〉 = 〈[u, v] + d〈u, v〉, w〉 + 〈v, [u,w] + d〈u,w〉〉, (A.5)
for u = X + ξ, v = Y + η and w = Z + ζ, which are the analogues of (3.7) and (3.8).
A.2 Generalized Riemannian geometry
Let C+ be a generalized Riemannian structure of TM ⊕ T ∗M , written as a graph C+ =
{X + g(X)|X ∈ TM}, where g is a Riemannian metric. A generalized connection, which is
a connection D : Γ(C+)→ Γ(T ∗M ⊗ C+) on the vector bundle C+, is obtained by setting
DXu := pi+([X
−, u]H), (A.6)
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for any X ∈ Γ(TM) and u = Y + ∈ Γ(C+). Here we introduced lifts ± as X± = X ± g(X) ∈
Γ(C±), The notations are slightly changed from [14]. It satisfies the axioms of the connection,
and preserves the O(d, d)-inner product.
The generalized torsion τ and the curvature Ω of D are defined by
τ(X,Y ) = DXY
+ −DYX+ − ([X,Y ])+,
Ω(X,Y )u = (DXDY −DYDX −D[X,Y ])u. (A.7)
They are tensors of Γ(∧2T ∗M ⊗ C+) and Γ(∧2T ∗M ⊗ End(C+)), respectively.
In local coordinates {xi} with the basis (∂j)+ of C+, the connection coefficient reads
D∂i(∂j)
+ = Υmij (∂m)
+, Υmij = Γ
m
ij +
1
2
gmkHkij, (A.8)
where Γmij is the Christoffel symbol of the Levi-Civita connection, that is constructed from the
metric gµν . It shows that the generalized connection D on C+ is the lift of an affine connection
on TM , such that an H-flux appears as a deviation from the Levi-Civita connection.
The H-flux arises as the torsion tensor, as seen from the components of the torsion tensor,
τmij = Υ
m
ij −Υmji = gmkHkij. (A.9)
The components of the generalized curvature
Ωmkij = ∂iΥ
m
jk − ∂jΥmik +ΥljkΥmil −ΥlikΥmjl , (A.10)
is written by using (A.8) as
Ωmkij = R
m
kij +
1
4
glnHnjkg
mpHpil − 1
4
glnHnikg
mpHpjl +
1
2
gml∇iHljk − 1
2
gml∇jHlik, (A.11)
where Rmkij is the Riemann curvature tensor
R
m
kij = ∂iΓ
m
jk − ∂jΓmik + ΓljkΓmil − ΓlikΓmjl . (A.12)
Then, the generalized Ricci tensor is obtained by taking a contraction:
Ωkj := Ω
m
kmj = Rkj −
1
4
glnHnmkg
mpHpjl +
1
2
gml∇mHljk, (A.13)
with the Ricci tensor Rkj, and the generalized Ricci scalar is given by
Ω := gkjΩkj = R− 1
4
gilgjmgknHijkHlmn, (A.14)
where R is the usual Ricci scalar constructed by the Riemann metric g. This form (A.14) of the
generalized Ricci scalar appears in the action of the NS-NS sector of the supergravity.
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B Computational details
Proofs of metricity (2.12) and torsion-less condition (2.13)
• Proof of (2.12): By the Koszul formula, we have
2G(∇ξη, ζ) + 2G(η,∇ξζ)
=θ(ξ) ·G(η, ζ) + θ(η) ·G(ξ, ζ)− θ(ζ) ·G(ξ, η) + θ(ξ) ·G(ζ, η) + θ(ζ) ·G(ξ, η) − θ(η) ·G(ξ, ζ)
+G([ζ, ξ]θ , η) +G([ζ, η]θ , ξ) +G([ξ, η]θ , ζ) +G([η, ξ]θ , ζ) +G([η, ζ]θ , ξ) +G([ξ, ζ]θ, η)
=2θ(ξ) ·G(η, ζ)
=2L¯ξG(η, ζ), (B.1)
which says that ∇ is metric-compatible.
• Proof of (2.13): By using the Koszul formula again, we have
2G(T¯ (ξ, η), ζ)
=2G(∇ξη, ζ)− 2G(∇ηξ, ζ)− 2G([ξ, η]θ , ζ)
=θ(ξ) ·G(η, ζ) + θ(η) ·G(ξ, ζ)− θ(ζ) ·G(ξ, η) − θ(η) ·G(ξ, ζ)− θ(ξ) ·G(η, ζ) + θ(ζ) ·G(η, ξ)
+G([ζ, ξ]θ , η) +G([ζ, η]θ , ξ) +G([ξ, η]θ , ζ)−G([ζ, η]θ , ξ)−G([ζ, ξ]θ , η)−G([η, ξ]θ , ζ)
− 2G([ξ, η]θ , ζ)
=0, (B.2)
for arbitrary ξ, η and ζ, which shows that T¯ = 0.
Proofs of the Bianchi intensities (2.23) and (2.24) For the curvature for a contravariant
affine connection ∇¯, together with the torsion tensor, we have the Bianchi identities:
• First Bianchi identity (2.23): Since T¯ (ξ, η) = ∇¯ξη − ∇¯ηξ − [ξ, η]θ25, we have
∇¯ζ [T¯ (ξ, η)] = ∇¯ζ∇¯ξη − ∇¯ζ∇¯ηξ − (T¯ (ζ, [ξ, η]θ) + ∇¯[ξ,η]θζ + [ζ, [ξ, η]θ ]θ). (B.3)
Then we find
∇¯ζ [T¯ (ξ, η)] + ∇¯ξ[T¯ (η, ζ)] + ∇¯η[T¯ (ζ, ξ)]
=R¯(ζ, ξ)η + R¯(ξ, η)ζ + R¯(η, ζ)ξ − (T¯ (ζ, [ξ, η]θ) + T¯ (ξ, [η, ζ]θ) + T¯ (η, [ζ, ξ]θ)), (B.4)
where we used the Jacobi identity [ζ, [ξ, η]θ ]θ + [ξ, [η, ζ]θ]θ + [η, [ζ, ξ]θ ]θ = 0. On the other
hand, since T¯ is tensorial, we also have
∇¯ζ [T¯ (ξ, η)] = ∇¯ζ T¯ (ξ, η) + T¯ (∇¯ζξ, η) + T¯ (ξ, ∇¯ζη). (B.5)
25 In the case where ∇¯ is the contravariant Levi-Civita, the torsion tensor vanishes, T¯ = 0.
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Then we find the first Bianchi identity
R¯(ζ, ξ)η + R¯(ξ, η)ζ + R¯(η, ζ)ξ
= ∇¯ζ T¯ (ξ, η) + ∇¯ξT¯ (η, ζ) + ∇¯ηT¯ (ζ, ξ) + T¯ (T¯ (ξ, η), ζ) + T¯ (T¯ (η, ζ), ξ) + T¯ (T¯ (ζ, ξ), η).
(B.6)
• Second Bianchi identity (2.24): Noting
∇¯ζ [R¯(ξ, η)ω] = ∇¯ζ(R¯(ξ, η))ω + R¯(ξ, η)∇¯ζω
= (∇¯ζ∇¯ξ∇¯η − ∇¯ζ∇¯η∇¯ξ − R¯(ζ, [ξ, η]θ)− ∇¯[ξ,η]θ∇¯ζ − ∇¯[ζ,[ξ,η]θ]θ)ω, (B.7)
we obtain, with the use of the Jacobi identity,
[∇¯ζ(R¯(ξ, η)) + ∇¯ξ(R¯(η, ζ)) + ∇¯η(R¯(ζ, ξ))]ω = −[R¯(ζ, [ξ, η]θ) + R¯(ξ, [η, ζ]θ) + R¯(η, [ζ, ξ]θ)]ω.
(B.8)
Noticing that ∇¯ζ(R¯(ξ, η))ω = ∇¯ζR¯(ξ, η)ω+ R¯(∇¯ζξ, η)ω+ R¯(ξ, ∇¯ζη)ω, as R¯ is tensorial, we
find the second Bianchi identity
(∇¯ζR¯(ξ, η) + ∇¯ξR¯(η, ζ) + ∇¯ηR¯(ζ, ξ))ω = (R¯(ζ, T¯ (ξ, η)) + R¯(ξ, T¯ (η, ζ)) + R¯(η, T¯ (ζ, ξ)))ω.
(B.9)
Transformation law for Γ¯ijk (2.38) The contravariant derivative of a 1-form is given by
∇¯iηj = ∂iηj + Γ¯ikj ηk. (B.10)
By a β-diffeomorphism, we have
∇¯′ iη′j = ∂iη′j + Γ¯
′ ik
j η
′
k. (B.11)
where η′j = ηj + L¯ζηj . If we write Γ¯
′ ik
j = Γ¯
ik
j + δζ Γ¯
ik
j , then it reduces (at the linear order in ζ)
∇¯′ iη′j = ∇¯i(ηj + L¯ζηj) + δζ Γ¯ikj ηk. (B.12)
On the other hand, we demand that it transforms as a (1, 1)-tensor. That is,
∇¯′ iη′j = ∇¯iηj + L¯ζ(∇¯iηj). (B.13)
Then, δζ Γ¯
ik
j should be determined by
δζ Γ¯
ik
j ηk = L¯ζ(∇¯iηj)− ∇¯i(L¯ζηj). (B.14)
We now compute the right hand side.
From the transformation law of a (1, 1)-tensor,
L¯ζ(∇¯iηj) = ζk∂k(∇¯iηj) +Mkj (∇¯iηk)−M ik(∇¯kηj)
= ζk∂
k(∂iηj + Γ¯
il
j ηl) +M
k
j (∂
iηk + Γ¯
il
kηl)−M ik(∂kηj + Γ¯klj ηl)
= ζk∂
k∂iηj + ζk(∂
kΓ¯ilj ηl + Γ¯
il
j ∂
kηl) +M
k
j (∂
iηk + Γ¯
il
kηl)−M ik(∂kηj + Γ¯klj ηl) (B.15)
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On the other hand, we have
∇¯i(L¯ζηj) = ∂i(L¯ζηj) + Γ¯ikj (L¯ζηk)
= ∂i(ζk∂
kηj + ηkM
k
j ) + Γ¯
ik
j (ζl∂
lηk + ηlM
l
k)
= ∂iζk∂
kηj + ζk∂
i∂kηj + ∂
iηkM
k
j + ηk∂
iMkj + Γ¯
ik
j (ζl∂
lηk + ηlM
l
k) (B.16)
From these expressions, (B.14) is written as
δζ Γ¯
ik
j ηk = ζk(∂
k∂i − ∂i∂k)ηj − ∂iζk∂kηj −M ik∂kηj
+
(
ζk∂
kΓ¯ilj +M
k
j Γ¯
il
k −M ikΓ¯klj −mlkΓ¯ikj − ∂iM lj
)
ηl, (B.17)
but the first line vanishes (see below) and we finally obtain
δζ Γ¯
il
j = ζk∂
kΓ¯ilj +M
k
j Γ¯
il
k −M ikΓ¯klj −M lkΓ¯ikj − ∂iM lj. (B.18)
We show that the first line in (B.17) vanishes. By using M ik = −(∂iζk + ∂kθilζl), we have
ζk(∂
k∂i − ∂i∂k)ηj − ∂iζk∂kηj −M ik∂kηj
=ζl
(
(∂l∂i − ∂i∂l)ηj + ∂kθil∂kηj
)
. (B.19)
By noting that
(∂l∂i − ∂i∂l)ηj = θln∂n(θim∂mηj)− θim∂m(θln∂nηj)
= θln∂nθ
im∂mηj − θim∂mθln∂nηj
= (θln∂nθ
im − θin∂nθlm)∂mηj , (B.20)
we thus have
ζl
(
(∂l∂i − ∂i∂l)ηj + ∂kθil∂kηj
)
=ζl(θ
ln∂nθ
im − θin∂nθlm + ∂nθilθnm)∂mηj
=ζl(θ
ln∂nθ
im + θin∂nθ
ml + θmn∂nθ
li)∂mηj
=0, (B.21)
due to the Poisson condition.
Contravariant derivative of a tensor field (2.37) To show that claim, ∇¯ζT i1···irj1···js transforms
as a (r, s)-tensor again, define the difference as Aζ = L¯ζ−∇¯ζ , where ∇¯ζ is a affine contravariant
derivative. Then, by using and (2.33) and (2.37), we have on an (r, s)-tensor T ,
(AζT )i1···irj1···js =
r∑
p=1
(
−M ipl + Γ¯
kip
l ζk
)
T i1···l···irj1···js −
s∑
q=1
(
−M ljq + Γ¯kljqζk
)
T i1···irj1···l···js . (B.22)
By using (2.35) ∇¯lζjq = ∂lζjq + Γ¯lkjqζk, the term inside the bracket becomes
−M ljq + Γ¯kljqζk = ∂lζjq + ∂jqθlkζk + Γ¯kljqζk
= ∇¯lζjq + ∂jqθlkζk +
(
Γ¯kljq − Γ¯lkjq
)
ζk
= ∇¯lζjq − T kljq ζk. (B.23)
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Therefore, we can simplify the result as
(AζT )i1···irj1···js =
r∑
p=1
(∇¯ipζl − T kipl ζk)T i1···l···irj1···js −
s∑
q=1
(∇¯lζjq − T kljq ζk)T i1···irj1···l···js . (B.24)
Since ∇¯lζj or equivalently ∇¯ξζ is a tensor, this expression is a combination of tensor fields only.
Thus, the claim is shown.
Proof of (2.52) By using (2.46), we compute preliminarily
θim∂mΓ¯
jk
l = θ
im(∂mΓ
k
nlθ
nj + Γknl∂mθ
nj + ∂mK
jk
l ), (B.25)
(∂nθ
ij)Γ¯nkl = (∂nθ
ij)(Γkplθ
pn +Knkl ), (B.26)
Γ¯jkm Γ¯
im
l = (Γ
k
nmθ
nj +Kjkm )(Γ
m
plθ
pi +Kiml ). (B.27)
Gathering these stuff, we find that the contravariant Riemann tensor in (2.25) results in
R¯
kij
l = θ
im(∂mΓ
k
nl)θ
nj − θjm(∂mΓknl)θni + ΓknmθnjΓmplθpi − ΓknmθniΓmplθpj (B.28)
+ θim∂mK
jk
l − θjm∂mKikl + ΓknmθnjKiml −KikmΓmplθpj +Kjkm Γmplθpi − ΓknmθniKjml (B.29)
+ θimΓknl∂mθ
nj − θjmΓknl∂mθni +KjkmKiml −KikmKjml − (∂nθij)(Γkplθpn +Knkl ). (B.30)
The first line (B.28) is resulted in the celebrated Riemann curvature tensor:
(B.28) = θimθnj(∂mΓ
k
ln − ∂nΓklm + ΓplnΓkpm − ΓplmΓkpn) = θimθnjRklmn, (B.31)
where in our notation it is defined by
R
k
lmn = ∂mΓ
k
ln − ∂nΓklm + ΓplnΓkpm − ΓplmΓkpn, (B.32)
as usual. The second line (B.29) is rewritten in terms of covariant derivatives as
(B.29) = θnj∇nKikl − θnjΓinmKmkl − θni∇nKjkl + θniΓjnmKmkl . (B.33)
Hence, so far the contravariant curvature is summarized as
R¯
kij
l = θ
imθnjRklmn + θ
nj∇nKikl − θni∇nKjkl +KjkmKiml −KikmKjml
+ θimΓknl∂mθ
nj − θjmΓknl∂mθni − (∂nθij)(Γkplθpn +Knkl )− θnjΓinmKmkl + θniΓjnmKmkl .
(B.34)
The second line in this expression still has terms involving the partial derivatives and the
Christoffel symbols, but it turns out to be reduced to a covariant tensor
(second line of (B.34)) = −(∂nθij + Γimnθmj − Γjmnθmi)Knkl = −(∇nθij)Knkl . (B.35)
Here we used (2.41), which is equivalent to the Poisson condition. Finally, we obtain the result
R¯
kij
l = θ
imθnjRklmn − (∇nθij)Knkl + θnj∇nKikl − θni∇nKjkl +KjkmKiml −KikmKjml . (B.36)
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Proofs of (3.7) and (3.8) In this paragraph, we denote f, g ∈ C∞(M) and u = X + ξ,
v = Y + η, w = Z + ζ ∈ Γ(TM ⊕ T ∗M). To show the desired relations, we preliminarily list the
formulae following by definitions and from some manipulations:
L¯(fξ)g = f L¯ξg, (B.37)
L¯(fξ)ζ = f L¯ξζ − (L¯ζf)ξ, (B.38)
L¯(fξ)X = f L¯ξX + (ι¯ξX)dθf, (B.39)
L¯ξ(fg) = (L¯ξf)g + f L¯ξg, (B.40)
L¯ξ(fζ) = f L¯ξζ + (L¯ξf)ζ, (B.41)
L¯ξ(fX) = f L¯ξX + (L¯ξf)X, (B.42)
where we used dθ(fX) = dθf ∧X + fdθX. With these preliminaries, first, (3.7) is shown by
[X + ξ, f(Y + η)] = L¯ξ[f(Y + η)] − L¯(fη)X +
1
2
dθ(ι¯(fη)X − ι¯ξ(fY ))
= f L¯ξ(Y + η) + (L¯ξf)(Y + η)− f L¯ηX − (ι¯ηX)dθf + 1
2
fdθ(ι¯ηX − ι¯ξY ) + 1
2
(dθf)(ι¯ηX − ι¯ξY )
= f [X + ξ, Y + η] + (L¯ξf)(Y + η)− (dθf)〈X + ξ, Y + η〉. (B.43)
Second, the equation (3.8) is shown by
〈[u, v] + dθ〈u, v〉, w〉 + 〈v, [u,w] + dθ〈u,w〉〉
= 〈L¯ξv − ι¯ηdθX − dθ ι¯ηX + dθ ι¯ηX,w〉 + 〈v, [u,w] + dθ〈u,w〉〉
= 〈L¯ξ(Y + η)− ι¯ηdθX,w〉 + 〈v, [u,w] + dθ〈u,w〉〉
=
1
2
(ι¯ζ L¯ξY + ι¯L¯ξη − ι¯ζ ι¯ηdθX) + 1
2
(ι¯ηL¯ξZ + ι¯Y L¯ξζ − ι¯η ι¯ζdθX) = 1
2
L¯ξ(ι¯ζY + ι¯Zη) = L¯ξ〈v,w〉,
(B.44)
where we used ι¯ζL¯ξY + iY L¯ξζ = L¯ξ(ι¯ζY ).
Proofs of (3.17) and (3.18) We denote ξ ∈ Γ(T ∗M), ξ− = ξ−G(ξ) ∈ Γ(C−), u = X + ζ ∈
Γ(C+). By definition and (3.7), we obtain
D¯(fξ)u = pi+([fξ
−, u]R)
= pi+(f [ξ
−, u]R − (L¯ζf)ξ− + dθf〈ξ−, u〉) = pi+(f [ξ−, u]) = fD¯ξu, (B.45)
where we used pi+(ξ
−) = 0 and 〈ξ−, u〉 = 0. Similarly, we find
D¯ξ(fu) = pi+([ξ
−, fu]R)
= pi+(f [ξ
−, u]R + (L¯ξf)u− dθf〈ξ−, u〉)
= pi+(f [ξ
−, u]R) + (L¯ξf)u = fD¯ξu+ (L¯ξf)u, (B.46)
where pi+(u) = u is used.
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Proof of (3.19) By using (3.8) for u = ξ− (note the footnote after (3.8)), we have
L¯ξ〈u, v〉 = 〈[ξ−, u] + dθ〈ξ−, u〉, v〉 + 〈u, [ξ−, v] + dθ〈ξ−, v〉〉
= 〈[ξ−, u], v〉 + 〈u, [ξ−, v]〉
= 〈pi+[ξ−, u], v〉 + 〈u, pi+[ξ−, v]〉 = 〈D¯ξu, v〉+ 〈u, D¯ξv〉. (B.47)
Proof of (3.23) First, by combining the results (B.37), (B.38) and (B.41), we find
[fξ, gη] = [fξ, gη]θ
= f L¯ξ(gη) − (L¯(gη)f)ξ
= fgL¯ξη + f(L¯ξg)η − g(L¯ηf)ξ = fg[ξ, η] + f(L¯ξg)η − g(L¯ηf)ξ. (B.48)
Second, from (3.17) and (3.18) we obtain
D¯fξD¯gη(hu) = fD¯ξ(ghD¯ηu+ (gL¯ηh)u)
= f(L¯ξ(gh)D¯ηu+ ghD¯ξD¯ηu+ L¯ξ(gL¯ηh)u+ (gL¯ηh)D¯ξu), (B.49)
with u = ζ+. Hence, on one hand, we find that
(D¯fξD¯gη − D¯gηD¯fξ)(hu)
= f(L¯ξ(gh)D¯ηu+ ghD¯ξD¯ηu+ L¯ξ(gL¯ηh)u+ (gL¯ηh)D¯ξu)
− g(L¯η(fh)D¯ξu+ fhD¯ηD¯ξu+ L¯η(f L¯ξh)u+ (f L¯ξh)D¯ηu)
= fgh(D¯ξD¯η − D¯ηD¯ξ)u+ fh(L¯ξg)D¯ηu− gh(L¯ηf)D¯ξu+ f L¯ξ(gL¯ηh)u− gL¯η(f L¯ξh)u, (B.50)
and on the other hand,
D¯[fξ,gη]hu = D¯fg[ξ,η]+f(L¯ξg)η−g(L¯ηf)ξhu
= (fgD¯[ξ,η] + f(L¯ξg)D¯η − g(L¯ηf)D¯ξ)hu
= fghD¯[ξ,η]u+ fh(L¯ξg)D¯ηu− gh(L¯ηf)D¯ξu+ f(L¯ξg)(L¯ηf)u− g(L¯ηf)(L¯ξh)u+ fg(L¯[ξ,η]h)u.
(B.51)
This shows
(D¯fξD¯gη − D¯gηD¯fξ − D¯[fξ,gη])(hu) = fgh(D¯ξD¯η − D¯ηD¯ξ − D¯[ξ,η])u. (B.52)
Proof of (3.26) The bracket in (3.26) is computed by (3.3) as follows:
[dxi −Gik∂k, dxj +Gjl∂l] = [dxi, dxj ]θ + idxidθ(Gjl∂l) + idxjdθ(Gjl∂l) + dθGij . (B.53)
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Each term results in
[dxi, dxj ]θ = ∂kθ
ijdxk, (B.54)
idxidθ(G
jl∂l) = idxi [
1
2
θmn∂m ∧ ∂n, Gjl∂l]S
= idxi
(
[
1
2
θmn∂m, G
jl∂l]S ∧ ∂n − [∂n, Gjl∂l]S ∧ 1
2
θmn∂m
)
= θmn(∂mG
ji)∂n − θmi(∂mGjl)∂l −Gjl(∂lθin)∂n, (B.55)
idxjdθ(G
il∂l) = θ
mn(∂mG
ij)∂n − θmj(∂mGil)∂l −Gil(∂lθjn)∂n, (B.56)
dθG
ij = −θ(dGij) = −θkl(∂kGij)∂l. (B.57)
Hence the bracket reads
[dxi −Gik∂k, dxj +Gjl∂l]
= ∂kθ
ijdxk + [θmn(∂mG
ji)− θmi(∂mGjn)− θmj(∂mGin)−Gjl(∂lθin)−Gil(∂lθjn)]∂n. (B.58)
Proof of (3.36)
4(Ω¯kijl − R¯kijl ) = 2θim∂m(RjknGnl)− 2θjm∂m(RiknGnl)− 2∂nθijRnkmGml
+ 2Γ¯jkmR
imnGnl + 2R
jknGnmΓ¯
im
l +R
jknGnmR
imn′Gn′l
− 2Γ¯ikmRjmnGnl − 2RiknGnmΓ¯jml −RiknGnmRjmn
′
Gn′l
= 2(∇¯dxiRjkn)Gnl − 2(∇¯dxjRikn)Gnl − 2∂nθijRnkmGml
+ 2Γ¯ijmR
mknGnl − 2Γ¯jimRmknGnl +RjknGnmRimn
′
Gn′l −RiknGnmRjmn′Gn′l
= 2(∇¯dxiRjkn)Gnl − 2(∇¯dxjRikn)Gnl − 2∂nθijRnkmGml
+ 2∂mθ
ijRmknGnl +R
jknGnmR
imn′Gn′l −RiknGnmRjmn′Gn′l
= 2(∇¯dxiRjkn)Gnl − 2(∇¯dxjRikn)Gnl +RjknGnmRimn
′
Gn′l −RiknGnmRjmn′Gn′l
where we used
θim∂m(R
jknGnl) = ∇¯dxi(RjknGnl) + Γ¯ijmRmknGnl + Γ¯ikmRjmnGnl − Γ¯iml RjknGnm, (B.59)
and Γ¯ijm − Γ¯jim = ∂mθij.
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